SEPARATION, RETRACTIONS AND HOMOTOPY EXTENSION IN SEMIALGEBRAIC SPACES HANS DELFS AND MANFRED KNEBUSCH
We consider an affine semialgebraίc space M over a real closed field JR. Tietze's extension theorem holds in M. Every closed semialgebraic subset A of M is a strong deformation retract of a semialgebraic neighbourhood Z in M, and (M, A) has the homotopy extension property. If A is locally complete then Z can be chosen as a mapping cylinder.
Let R be a real closed field. In [DK 2 ] we developed a theory of semialgebraic spaces and mappings over /?, and in [D] , [DK 3 ], we showed that for an affine semialgebraic space M over R there exist reasonable homology and cohomology groups H r (M, G) , H r (M, G) with coefficients in an arbitrary abelian group G which coincide with the classical singular homology and cohomology groups in the case R -R. There should also exist a reasonable homotopy theory for such spaces, and this theory -as well as homology theory -should certainly be useful in algebraic geometry over R and over R(]/-1).
The present paper serves as ground work for semialgebraic homotopy theory. As in topological homotopy theory, we have to make sure, for example, that under sufficiently general assumptions a subspace A of M has a semialgebraic neighbourhood U in M which retracts to A, and that the pair (M, A) has the homotopy extension property for semialgebraic maps. It turns out that in the category of affine semialgebraic spaces these matters are even nicer than in topology.
In §1 we show that affine semialgebraic spaces have separation properties similar to paracompact spaces, a fact which is particularly useful for the sheaf theory of these spaces (a topic we do not consider here, cf. [D] ). §2 is devoted to a proof of our central result, Theorem 2.1 below, which in a slightly weaker and simpler form says the following. THEOREM 
Any closed semialgebraic subset A of an affine semialgebraic space M has an open semialgebraic neighbourhood U in M such that A is a strong deformation retract of both U and of the closure U of U in M {in the semialgebraic sense).
We feel that this result is a remarkable instance of the good-natured behaviour of the affine semialgebraic category over an arbitrary real closed field R.
We prove a rather constructive version of the theorem (Theorem 2.7). We rely heavily on the result that every semialgebraic pair (M, A) with M affine can be "triangulated" ( [D] , [DK 3 , §2] ). This triangulation is only of a semiclassical nature (some open simplices in the occuring polytopes are "missing".) Thus arguments have to be used, which, to some extent, seem to be new even in the case R -R.
In §3 we introduce locally complete semialgebraic spaces. We verify that these spaces are precisely the euclidean neighbourhood retracts in the semialgebraic sense (Theorem 3.6). We also obtain the following improvement of Theorem 1 for locally complete spaces (again in a very constructive version, cf. end of §3).
THEOREM 2. Let M be a locally complete space {cf. Def.
3.1), and A be a closed semialgebraic subspace of M. Then there exists an open semialgebraic neighbourhood U of A in M and a proper semialgebraic map f: W ->A, with W = U\U, such that the triple (U,A 9 dU) is semialgebraically isomorphic to the triple (Z(f) 9 A 9 dU) consisting of the mapping cylinder Z(f) off and the natural subspaces A and dU of Z(f).
This result applies, for example, to the case where M is the set V (R) of rational points of any algebraic variety V over R, since such spaces V (R) are always locally complete (Example 3.2).
Returning to arbitrary affine semialgebraic spaces we obtain in §4, among other results, the following consequence of §1 and Theorem 1. Notice that for N an interval in R this theorem is a semialgebraic analogue of the well known Tietze extension theorem in topology.
We finally prove in §5 Thus the pair (M, A) has the homotopy extension property for semialgebraic maps.
The category of affine semialgebraic spaces over the field R of real numbers, lying "in between' the category PL of piecewise linear spaces and the category TOP of topological spaces, is very convenient, since it often behaves less rigidly than PL and less pathologically than TOP. Thus we hope that our paper -and the whole program pursued here -is also relevant to topologists and geometers only interested in the case R = R. For an outhne of this program we refer the reader to §8.13 of BrumfieΓs book [B] and to the introduction of [DKJ.
Our methods are restricted to affine semialgebraic spaces. An affine semialgebraic space M over R is just a semialgebraic set M in some R n , "regarded without reference to the embedding M <=* R n " 9 cf. [DK 2 , §7]. According to a recent rather deep result of Robson [R] , cited in §1 as Theorem 1.3, every semialgebraic space with mild separation properties is affine. Robson's criterion seems to be sufficient to verify that most semialgebraic spaces which are constructed from affine spaces in a reasonable way are affine. Also, the set V(R) of rational points of any separated algebraic variety V over R is affine (cf. Example 3.2 and Proposition 3.5 below). Thus affine spaces seem to suffice for all practical purposes.
We thank the referee for a substantial improvement of the first version of his paper. He provided us with an explicit formula for the retraction in Theorem 1, while previously we obtained the retraction in a rather indirect way. This formula made the proof of Theorem 1 much simpler and enabled us to prove Theorem 2.
1. Separation properties of affine semialgebraic spaces. , is well defined and semialgebraic ( [DK 2 , 7.8] , [B, 8.13.12] This remarkable result will be used in the present paper only in an inessential way. But it tells us, that the restriction to affine spaces in most of our considerations here is in fact very natural (cf. Introduction). Actually we shall prove a more precise version of Theorem 2.1 (Theorem 2.7 below). We recall the fact that every pair (M, A) consisting of an affine semialgebraic space M and an arbitrary semialgebraic subspace A can be triangulated, cf. [D, §2] or [DK 3 , Th. 2.1]. This means that there exists a geometric simplicial complex (X, (S t \ i E /)) and a semialgebraic isomorphism ψ: X->M such that \f/~\A) is the underlying set Y of a subcomplex (7, (S^iGJ)) (J C /). Here a geometric simplicial complex (X, (S^i E /)) is defined as a subset X of some space R n equipped with a finite partition (S t simplices S ι9 such that the intersection S t Π Sj of the closures of any two simplices 5 f , Sj in R n is either empty or a face of both S t and S y . Thus the closure X of X in i?" is obtained from X by adding all open faces of all open simplices S i9 and X is a "finite polyhedron" in the classical sense, called here a "complete" geometric simplicial complex. We refer the reader to [DK 3 , §2] for details concerning the terminology we will use from now on in connection with triangulations and geometric simplicial complexes. In addition to this terminology we shall use the following notation. From now on we will denote a geometric simplicial complex (X 9 (S i 
N.B. By this proposition
We need some preparations before we can write down the definition of the retraction r. Let E be the set of vertices of X. Consider a point x E X. and x E X iΐ and only if the vertices e with λ e (x) #= 0 span a simplex of X.
Now {σ|σ 6Σ(ί)j is the set of vertices of the first barycentric subdivision X' of X. Let λ σ denote the barycentric coordinate function of X' corresponding to the vertex σ. Thus, for every x E X, Proof. We choose an element π in the symmetric group S(0,...,w) such that
and use the notations 
N.B. By this theorem

H(x 9 t) = (1 ~ t)x + tr(x)
is a strong deformation retraction from U ΠX to A and also from U to A. Thus Theorem 2.7 is a constructive version of Theorem 2.1 above. Thus, by observation (***) again, α > W/. In both cases we obtain from the inequalities (1) and (2) (R) embeds into some R n as a closed semialgebraic subspace. Thus x has a complete semialgebraic neighbourhood L in X X (R) . But L is also a neighbourhood of x in X (R) , and L is affine.
Proof. Let x E
We gather some elementary facts about locally complete spaces. Proof. Let a point x of M be given. We have to show that for some ε > 0 in R the open euclidean ball B ε (x) of radius ε with center x does not meet the set M\M.
There exists some complete neighbourhood L of x in M. We choose ε > 0 in such a way that B ε (x) Π M C L, where B ε (x) denotes the closed euclidean ball of radius ε with center x. The semialgebraic set We return to the study of the canonical neighbourhood retractions, introduced in §2, in the case of locally complete spaces. We need the following criterion for a semialgebraic map to be proper (cf. [DK 2 , §9] for the definition of proper maps). Notice the analogy of the criterion to a well known criterion for properness in topology [Bo, Chap. I, §10, No. 3] . We continue with the combinatorial situation and notations from §2. Let X be a geometric simplicial complex over R and A a closed subcomplex. V denotes the star St r (^4) of A in the first barycentric subdivision X' of X, and U denotes the star S\ X ,,{A) in the second barycentric subdivision. Recall from Theorem 2.7 that U C\X C V. Let r: V-> A denote the canonical neighbourhood retraction r XA and let H: V X / -> V be the corresponding linear deformation retraction, H^ t) -(1 -t)x + tr(x). Let r x : UnX->A_and H x : (U ΠX) X / -> Ό ΠX denote the restrictions of r and H to U ΠX and (U ΠX) X / respectively. Proof. We first prove the properness of r x . It then will be an easy matter to see, that also H x is proper. By the preceding proposition, it suffices to verify that, for any given complete semialgebraic subset B of A, the preimage r^\B) = r~\B) Π U is again complete. Note that r~\B) Π U is the union of the sets r~\B) Π UΠS with S running through the open simplices of X' in V. It suffices to verify the set r~\B) Π U Π5 is complete for a given simplex S. Now r(U ΠS) C S, thus n c7ns = r" 1^ ns)n ΰns.
Replacing 5 by ΰ Π 5, we may assume that B C A Γ) S.
We have to prove that r~\B) Π t/ Π 5 is closed in S. Let y be a point in the closure of r" ^5) Π f7n5. Ify EX then y GIΠΪ/CF. Since r is continuous, r~\B) is closed in V. Consequently we havej E r~ι (B) , hence j E r~ι(B) Π t/ Π5. Thus our job is to prove that the closure of r~\B) Π UΠS is disjoint from the subcomplex Y:= X\X of X. By Proposition 3.3 this subcomplex is closed in X, since Xis locally complete. We will prove the following stronger claim: *) r \B) Π S has no adherence points in 7.
We have S = ]σ 0 ,... ,σj with open simplices σ 0 < σ x < < σ n of X, and σ n C X. Some of the σ 7 are contained in A. Let t denote the maximal index / with σ z C A. Then σ, £ 7. Since the complex Y is closed, we conclude that σ i C Xίoτ t <i <n. If σ t C X for every i E {0,...,«}, then S Π y = 0, and our claim (*) is trivially true. From now on we assume that o t C Y for some i E {0,...,π}, and we denote by m the maximal index / such that σ z C Y. Since Y is closed we have σ z C 7 for 0 < / < m. Since we know that σ t C A C X, certainly m < t. For m < i < t we have σ f C Λl, since ^4 is closed in X.
Let λ 0 ,... ,λ rt denote the barycentric coordinates on 5 corresponding to the vertices σ 0 ,... ,σ n . The functions w t := w σ , introduced in §2, take the following values on X Π S: Applying this estimate to q = r(x) for some x E r (#) Π S, we obtain
Inserting the formula for w o (x) from above, we get m n Σλ,(x)ssc 2 λ/x) 7=0 j=m+\ for every iGΓ^ΰ) Π S. Of course, this estimate remains true for x in the closure of r~\B) Π S: If such a point x were to lie in Y Π S then Σ" =m+1 λ y (x) = 0 and, by the estimate, we would also have Σ™ =0 λ y (x) = 0. But this is impossible since the sum of all barycentric coordinates of x is 1. Thus our claim (*) is proved, and r λ is proper. If C is a complete semialgebraic subset of U ΠX 9 then H^\C) is a closed subset of rj~ \r(C)) X [0,1], since r maps every line interval [x, r(x) ] to one point r(x) (Remark 2.8.i). Thus H^\C) is complete, and we see that also H ι is proper. This completes the proof of Theorem 3.8.
For any semialgebraic map f:M-*N the mapping cylinder Z(f) is defined to be the quotient of the disjoint union (MX/)JJiV in the category of separated semialgebraic spaces with respect to the equivalence relation (x, 1) ~f(x) for all x E Λf, provided this quotient exists. In our situation, let/denote the restriction dU -* A of r, with dU -(U ΠX)\U. We have a natural semialgebraic map p: (dUXI)UA -> UnX, defined by p(a) = a for a E A andp(x 9 t) = (1 -t)x + tf(x) = H(x, t) for (JC, t) EdUX /.
LEMMA 3.9. /> is surjective.
This will be proved below. Notice that the fibres of p are the equivalence classes of the equivalent relation above (M ~ dU, N = U). We now assume again that X is locally complete. Then, by Theorem 3.8, the map p is proper. Now every proper surjection is "identifying" in the category of separated semialgebraic spaces. Thus p identifies U Π X with the mapping cylinder of/, and we arrive at Theorem 2 in the introduction.
It can be shown that for every proper map f:M->N between locally complete semialgebraic spaces the mapping cylinder Z(/) exists and is again locally complete. The proof is not difficult but would take us too far afield.
We still have to prove Lemma 3. REMARK 3.10. In this proof we did not use that Xis locally complete. Therefore, if X is an arbitrary geometric simplicial complex and A is a closed subcomplex of X, then using Remark 2.8.i, we can still state the following: The deformation retraction H(x, t) -(1 -t)x + tr{x) yields by restriction a semialgebraic isomorphism 4. Extension of semialgebraic maps. We first state a rather obvious consequence of Theorem 2.1. Let A be a closed semialgebraic subset of an affine space M, and let U be a neighbourhood of A in M as described in Theorem 2.1. Let / denote the unit interval [0,1] of R. Indeed, let H: U XI -> U be a strong deformation retraction from U to A. Define/: = f°H x , and define F: U XI -> Z as follows:
We give two examples using the second statement in this proposition. EXAMPLE 4.2. Let A, M 9 U be as before, and let p: U -» A be any retraction from U io A. Applying the proposition with Z -U 9 f -id^r, g = i © p, / the inclusion map from ^4 to t/, we see that there exists a strong deformation retraction Φ: U XI -> ί/ with Φj = p. Indeed, we obtain such a map /: M -»TV by the same formula as in the proof of Theorem 4.5.
In the special case TV = [0,1], B = {0,1} this corollary gives back our previous Theorem 1.6, which is thus put into a more general context. Proof. We may assume that M is a geometric simplicial complex in some R n and A is a closed subcomplex of M. By Theorem 2.7 we have an open semialgebraic neighbourhood U of A in M with a retraction r: U DM -* A, such that for every x E U DM the line segment [x, r(x) ] is contained in U ΠM and for c E ί/ this line segment is contained in U.
We choose a semialgebraic function/: M -» [0,1] with/""'(O) = M\J7 and /"^l) = J4. We introduce the following semialgebraic subsets B, C, D, E olMXI CR nJrX .
B := {(*, 0 E (i/ΠM) X /| i </(x) < 1, 2(1 -/(*)) < ί < l}, C := {(x, 0 E (C7ΓIM) X /| i </(x) < 1, 0 < / < 2(1 -/(*))}, Z):= {(x,ί) E(ϊ7nM) X/|0</(x)<^}
E:= (M\U) XL
We have
MXI=(AXI)UBUCUDUE.
The sets D and E are closed in M X /, while
BΠ(MXI)=BU(AXI), C Π (M X I) = C U (A X {0}).
A Composing G and H we obtain a homotopy F: UXI -> Z from/to g. Let 5 denote the closed subspace(Λ X/) U (ΐ/X{0}) U (ϊ/X{l})of UXL We have an obvious homotopy Φ from the map F\B to the map F U / U g on B. Using Theorem 5.1 again we extend Φ to a homotopy Φ on UXI with Φ o = /. Then F := Φ x is a map from t/X/ to Z which extends F U / U g, and hence is a homotopy from/ to g extending i 7 . ϋ
The reader, who has followed us so far will have little doubt that it is possible to develop a full-fledged homotopy theory for affine semialgebraic spaces over an arbitrary real closed field. We hope to take up this subject in the near future.
